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THE REGULAR CASE OF SHOCK WAVE DIFFRACTEON
ON A WEDGE PARTLY SUBMERGED IN FLUID

K.A. BEZHANOV

The pattern of diffraction at the gas-liquid interface, induced by a system of on-
coming shock waves of regular interaction in gas impinging on a weddge submerged in
the liquid is considered. The wedge of arbitrary angle has its apex at the unperturbed
interface with one of its sides at a nearly straight angle to the liquid unperturbed
surface. The liquid is assumed only slightly compressible, which makes it possible
to consider the problem in linear formulation by the method proposed in /1—3/.

The normal case of shock wave diffraction on a wedge submerged in liquid with its apex
at the unperturbed interface, and the regular case of shock diffraction on a corner of angle
close to straight were considered in /3/ and /4/, respectively. The findings of /3/ are ex-
tended to the case of an arbitrary angle of incidence of a shock wave in gas in the regular
interaction mode.

1. Statement of the problem. A plane shock wave of arbitrary intensity moves at
some angle to the interface of two media of greatly different densities. The shock wave is
reflected into the lower density medium and refracted into the denser one, while the interface
becomes depressed and forms a nearly straight angle with the unperturbed state., This problem
was considered in /5/, where a closed system of algebraic equations was obtained for the
determination of the unknown flow parameters in regions O, 1, and 2 (Fig.l).

Here, the diffraction of the described system of waves on a wedge submerged in liquid
whose one side adjoins the liguid and the other the gas. The latter may form with the un-
perturbed free surface level an angle close to the straight one. The perturbed liquid flow
contains the diffraction region NLH with adjacent zones with piecewise constant parameters
defined in /3/. The perturbed flow behind the reflected shock wave in gas consists of the
diffraction region ABCD with adjacent regions ADM and BHGC and of a stream with constant
parameters, where the perturbations induced by the wedge in the liquid (Fig.2) do not reach.
Flow parameters in region ADM are also constant, and are determined as a regular shock wave
reflection from a solid wall /6/. As the basic unperturbed state parameters, we take para-
meters behind the shock wave reflected from a solid wall whose plane coincides with the un-
perturbed free surface level. They are: P the pressure, R.the density, V, the stream veloc-
ity parallel to the wall, g the speed of sound, U the normal velocity of the reflected shock
wave, and P the angle of the reflected shock wave.

Because of the presence of the small parameter & = R/R,, where R, is the density of
fluid, the problem can be considered in linear formulation. In the first approximation the
flow in the liquid is determined by pressure P, as shown in /3/, while the shock wave in gas
diffracts at the interface whose shape is known. The gas flow is considered in moving self-
similar coordinates
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turned subsequently by the angle 8; = n/2 -+ 8, where (X, Y) are fixed physical coordinates, ¢
is the time, and {2, ¥} moving and turned self-similar coordinates. The perturbed pressure in
terms of polar coordinates (r, 8) then satisfies the eguation

r (1 — 1% P+ pee + 1 (1 —2r%) p, =0, p—> pl(a’R) (1.1)

within the unit circle of elliptic type and outside it of the hyperbolic type /1/. The arrow
denotes equality with accuracy to within the symbol.

2. The flow of gas outside the diffraction region. within region BHGC the fiow
varies and is induced by the diffraction region of the liquid. To determine perturbed para-
meters we transform (1.1) to the wave equation /7/

Pun — Pes = 0y p = arccos r™%, r> 1 (2.1

whose characteristics are the half-tangents to the Mach circle r = i, facing in opposite direc~
tions. ‘The side wave MG coincides with the first set characteristic and, generally, is tan-
gent to the continuation of arc BC into the region ahead of the reflected shock wave. The
reflected wave GE coincides with the second set characteristic and is tangent to the Mach
circle at point E, it can, also, be tangent to the continuation of arc BC into the region
occupied by the liquid and be reflected from the free surface along the first set character-
istic.

The solution of Eq. (2.1) in region BHGE is sought in the form p = x{u + 8), The form
of function % is determined by the condition at the gas-liquid-solid wall interface boundary f

po(r,—8)= —r*f"(r — M), 1 <<r <rg, TR= 02/ 0, My =Va
where (2, is the speed of sound in the liquid.

For the considered here angles of the wedge a rise of the free surface level takes place
in the neighborhood of the wedge apex, hence when M; > 1the expression f"(r —M,) contains the
delta function derivative with carrier at the wedge apex, and for —a/2 <8, < —n/4 also the
regularization (r — M,)% « > —2 which together with the regular part have been defined in/3/.
The final solution is of the form

]

P o= — S sec? (A - 8o} f" (sec (A +- Bo) — sec (B <+ o)) A
pr—6s

gy = arccos ryt, 8p = arc cos M, — 8,

(2.2)

The solution in region CEG is sought in the form p = ¥ {p + 8) + »x (g —0). Function X is
known from the soclution in region BHGE, and x is determined by the condition at the shock wave
CG in the polar coordinate system

E® p,+F{®) pg=0, r=mse8 (2.3)

E{8) = (m?®+ B)eos® —m(m+ A)sin@tg8 m?=1—m?
F(®) = m'B cos® ctg 8 — (2m)™ (1 4 mA) sin 28

Mg 1 EES M@ —1 U4V v
ImM, S It vy Mo o P

A=

where V is the normal component of stream velocity ahead of the reflected shock wave, @, is the
speed of sound behind the incident shock wave, and ¥ is the specific heat ratio.
Finally the solutionisof the form

P 8
p= § LemriEm —Mydr— (2.4
~b
M»eE
§ sec®(h + 80) f" (sec (& + 8) — M) dh
Bt

1} md2meosh _C DY
g A = SR B+ M L mesin(p — ) —dmsinh Ly= oY —D 0y

CQ) = (1 —mcosd)im(m?*®+ Bysin® b — (m + 4) (1 —
m cos AY?]
D (M) = (m —cos M) {(1 + md) (1 —mecos k) —m® B sin®A]
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When the wedge is completely submerged in the liquid /3/, a complex system of two func-
ticnal equations obtains for the determination of the form of the unknown functions % and %
in region ADM.

Form of the shock wave = =m + ¥ {y) in section CG is determined by solving the Cauchy
problem for z=m

' () — v () = —BM,'p (y), ¥ (Yo} = BMy™ p (yg), My = Via
with the quantity'P (yg) determined in /5/.

3. The flow of gas in the diffraction region. The diffraction region is bounded
by the reflected shock wave CD, two arcs BC and DA of the Mach circle and for M; >1 by
the solid wall AB, vwhile for M, <<1 by the solid wall 4N and the liquid free surface NB.
The boundary condition on the shock wave is of form (2.3) for 8¢ <8 «0p, 8p = —8¢ = arccos m.
The boundary condition on the solid wall is of the form

p,,(r,n-—-eo)=0, 0<r<1v pn(ra ""90)=01 0<r<Ml
and on the free surface of the liquid it is

Pa (ry—80) = &1 (), My r <
where e (N =0 — M) V8 (r — M)+ v 8 — M) +
*f7y (r— My)

vy = Yo Mi% vy == 2yeMs, yo = [ (—M,) —1ig B,

n is the external normal, & is the Heaviside unit function, & is the delta function, f," is the
regular part of function f” when —n/4« 8§ «<( and the generalized function with singularity
r—M)* a> —2 when —n/2 <8 & n/4 B, =0 (e),and P, is the angle between the wedge wall
adjacent to the gas and continuation of the free surface level line taken with the plus sign
in the direction of counterclockwise reading.

The boundary condition on arc BC of the Mach circle is obtained from (2.2) and (2.4) with
the substitution of variable of the delta function derivative /8/

pe(1,08) =¢,(8), ~8, <8 <8, pa(1,8) =0, 8p <
G
where
6 (8) = -0 (M, —1) [vi8' (8 —8p) + v,06 (8 — 6] —
sec® (8 - 8o) /" (sec (8 — 8g) — My) — 9 (8 — 0p) X
L(®) g (—8)f" (g (~8) —M)
Va = YoMy (M1® — 1)7Y, vo== vy (M2®— 2) (M2 — 1)
04 =»T{/2-ﬁ

The two conditions that ensure smoothness of the shock wave front at points € and D
and, also, the pressure change along CD by the specified amount, are of the form

L4i3Y ™My

B, M
S —b!'dy = "Fg'("r’y("‘ my) — gy (). S Py QY == pp~ p¢ (3.1)

Py -y

Application of the Chaplygin transform /1,2/ to Eq.{l.1l) reduces it to the Laplace equa-
tion, and the diffraction region is transformed in a curvilinear orthogonal tetragon of the
plane § = pei® bounded by arcs of circles

{p = p (), Bc <8 <THp}h {p =1, 65 <8 <8, 8p <8 << 8,)

and straight-line segment {p <<1,8@ ==n — 0,8 = —8;}.  The boundary condition for the normal
and tangent derivatives of pressure now assume the form

ap, + bps =c (.2
a=a(0), b=25(®), ¢ =0, p=0p(@®), 6«0 <8
a =0, =1, c =0, p =1, Op << B <0,
e =1, b=0, c=0, 0 =n—8, 0<p<i
a =1, b =0, e =0, 6 = —@, 0 <p <y,
a =1, b =0, c=1r3(p), B = —8,, P <p <t
a == 0, b =1, c=2¢,(0), p =1, Op <6 < 0,
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where

) = V' 1 — m?sec?8. b(0)=Bctgd—mAtgd
ca(P) =8 (1 —M)Ivd (p —p) +vbp —p1) + fa(p)]

? 086 — 2 — cos?B
fa () = (1?()2); i (T’_‘L‘p_““ﬂ'[l)v p(6) = E"“‘%ﬂ—
4
1—y1—
m:_J%__

and the (n,s) and (r,¥) orientations coincide.

Let us map the region bounded by the curvilinear quadrangle of the { plane onto

interior of the rectangle {0 <o << g, 0 <« v <n} of plane o = ¢ + it/4/ We have

L—e® 88 O =P —f

v T Gy=n—p—p

. VM = Tigp f1 = arcsin M!
T i VME_1tgp ' M =mcosecf

the

We introduce the analytic function W (®) == ps — iPr transforming by that boundary condi-

tion (3.2) to the form of Gilbert's problem in the class of the generalized functions

aps —bype=d

a=a, (1), b ="5,(v), d=0, 6 =0, 0<i<n
a, =1, b, =0, d y T==a, 0 <0 <0,
a; =1, b, = 0, d=d (1), 0=0, 0<t<<n

=1, b, =0, d ~dy(0), T=0 0<0o<a,

h —
where a; (1) = tgBM YV ME~1(M cost — my)sinT,

=Y 1T—M*"=1Dtg?B
by (v) = tg® PmyPM2B (M — m, cos 1)* — mA (M cos T — mg)?
di(m) =8 —~ M) [v8 (v — 1) + veb (1 — 1)) + f3 ()]
dy (0) =& (My — 1) [ved' (0 — 0y) + v 8 (6 — o) —f, (0) +

Q (o)

__ du—1)cosh, ; / cosT—sinP

fa(0) = 1+sin(r*ﬁll ( ASiﬂ(‘E—ﬂt) >
(cho —sinfy)? , chs —sinf,
1 —sin B, ch 5 ! ( f—simfichs

4o — T N "
20) =X E R T O (o) — M)

1, = /2 + B, — 2 arcetg (p, sec B, + tg By)

fa (o) =cosB, 0 — M,)

1 t—cos(8p g —8,)

Opp =510 ot =

hr== g T—cos (B g —01)

vy = —vysec B, [1 + sin (1, — B;),vs = v; (sec B, ch g, —
tg B1)
and T (0), N (o) as well as @(0) are readily found by substituting
sin By cos p ch 5 — cos Py sinPsh s — cos B
ch o —sinfy

c0s By cos psh s 4 sin Py sinPfchs —sin P
che —sinf,

sinf =

cos B =

into the expressions for C (8), D (8) and g(—0) in (2.4).
We write conditiens (3.1) in the w plane as

Pr At = G (Y, (m1) — Py (— m1)

)

k14
M—mocos-c
M oos T —my

0

R

SpT dt = pp~ pe¢, G =mmeM,M B ctg B
[

'

We map the rectangle of plane © onto the upper half-plane of plane w = U -~

iv

(3.3)
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w = 03(01 q) 01(“ i, q)
T 850, 0} Be{—iw, 0}
The intervals (=00, —1} and {1, -} o0)

where @, O3, ¥, O are elliptic theta functions /9/.
correspond to the shock wave, and (—k k), to the wall, with k denoting the elliptic integral

modulus. The index of Hilbert's problem ({3.3) in the class of functions integrable at points
w=+1 is unity.
We represent the canonical function in the form
Z (w) = Z; (w) Z, (w)
7 1 . (0. q) ¥ (—‘ i, ¢)
l wy o= 2—1 12 o LsAL A USAT T AL
1) = @ = =5 6 g 0 (— )

had 4
mwe=esn(~ 3\ [+ 3 (357) ] 755%)
n==l j=1
b= (R " g+ VI — 1),
A m® + (my® — dmm*AB — mB)‘/x

1,2 == SEA =)

where Z, (w) has a piecewise constant argument at the boundary and eliminates discontinuities

at points w = +1 /2/, and Z, (W) satisfies the condition on the shock wave image /4/.

The solution of Hilbert's problem (3.3) is of the form /10,11/

K 1
4 ! di{t(s)) _ds 1 ( dyls(s)) @
Wi =2 @) (Dot Dt = | S T2+ 2 VA )
- k

Let us also write down the solution in the @ plane, and use the property of the delta
function and of its derivative as the density of the Cauchy type integral /2,12/

W (@) =2(0) [ Do + Duw (o) + (3.5)

Ve d 1
ﬁ(i—M:)('}";‘E{ Z{s) (s — w {0} s=m+
@
SN SIS W YO :
Ny —w{w0) | WﬂTS ;(5) U(O,.s,m)dS)Jr
T
vy d 1
ﬁ(Mx—”(-ﬂr'a;—zW——mrFu.*

On
iz t ) -—1--8-—9—(—5—)—0(8,0,(&)ds—

o wy— w{@) ad z2{s}
T2

-LS W (5,0, 0) a‘sJ

U z (s}
0
where
VO, s0)—— "0 — %00
0. 5.0) w {0, s} — w(w) ' U(S’O’m)mu(s,g)—w(m)
_ St @) $elo, ¢
H(O’T)*ﬁﬁz(r,q)’ u(o,(})zﬁ-ﬁﬁ—s—’g—,;
e (0, 1) = — 2KVEK 81 (1,9) 8y (7, ) :(0.9)
«(0.7) 7 £y (‘r,‘q) ' VE:?:'(W
. 2KVE 9 (5, 0) 8 (5, ¢’ ,
ug {0, 0) = = ! “}32(5’;(,) 7 g xexp%
. ARVEE 940,
w0 ) = = T PR 0 (50 + k8 (5 g)

4K2 V‘E}‘/ e
taa (0, 0) = ——7— m&‘a‘&,‘;,’) (923 (0, ¢') — k0,2 (a, ¢')]
@) =2 w (), u, =u(0 1) u=u(o,0), A + k=1
Vo =~V (0, 7)), vyp = [veir (0, 7,) — voure 0,%)) Zu,)

V== vtta® (01, 0),  vig == [vittg (04, 0) ~ V1200 (01, 0)] 2 (o)

K is the complete elliptic integral for the modulus of % /9/, and the real constants D, and
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D, are obtained from conditions (3.4).

The determination of pressure using (3.5) enables us to establish the shock wave form
using the pressure distribution along its front /3/. It is evident from (3.5) that pressure
distribution has a singularity of the first order pole at the wedge apex when M, <1 and at
the tangency point of the characteristic issuing from the wedge apex with the Mach circle when

M, > 1. Then the pressure has an integrable singularity, since all integrals are taken in
the sense of their principal values. A singularity of order higher than the logarithmic en-
countered in problems of diffraction on solid walls /1,2,4/, are due to the pliability of the
liquid free surface.
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